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Abstract. For 2 + 1 dimensional wave maps with S 2 as the target, we show that for 
all positive numbers To > and Eq > 0, there exist Cauchy initial data with energy at 
least Eq, so that the solution's life-span is at least [0, To]. We assume neither symmetry 
nor closeness to harmonic maps. 



1. Introduction 

The 2 + 1 dimensional wave map problem with S> 2 as the target is the study of maps 

if : R 2+1 -+ § 2 , 

satisfying the following system of semi-linear wave equations 

2 

□^ = H%f + 1>^FV (i-i) 

Since we regard S 2 as the unit sphere embedded in R 3 , the map (p has three components 



(fi(t, x), (f2(t, x) and (ps(t,x). Therefore, the system (1.1) can be explicitly written as 



for = 1,2,3. For the sake of simplicity, we rewrite (1.1) as 



□^ = ^-Q (V^,V^), (1.2) 



where we use Qo to denote a specific null form (see Section 2.3 for definitions). The initial 



data are given by (ip, d t (p)\ t =o = (<^ (0) , ^ (1) ), where <p<® : R 2 ->• § 2 and : IR 2 — > T 



(0)L 



We remark that the system (1.2) (with more general targets) is invariant with respect 
to the scaling ip(t,x) — > (p(\t, Xx) for A G K>o- The energy (or H 1 norm) of the solution 
is a dimensionless quantity with respect to this scaling; we refer to such a wave map 
problem on IR 2+1 as an energy critical problem. 

We now state the main result of the paper: 
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Main Theorem. For any given positive numbers Tq > and Eq > 0, there exists a 



smooth initial data set (ip(°\ ip^) for the wave map system (1.1), such that the energy 

Energy {1) (^ \p {1} ) = \ [ I V 0) | 2 + \p w \ 2 d Xl dx 2 > E , 
and the life-span of the solution is at least [0,T ]. 

Remark 1.1. Moreover, if for k G N we define the k-th order energy of the data as 

Energy {k) (<p(°\tpW) = l [ |VV°)| 2 + |V^V (1) |^i^ 2) 
we can show that 

Energy {k) (^°\^)> r^ 1 ), 

where 5 is a small positive parameter. We note in passing that the higher order energies 
can be extremely large. 

We briefly summarize the progress on the local well-posedness (LWP) and global well- 
posedness (GWP) for wave maps (on IR n+1 with general Riemannian manifolds as targets). 
In the subcritical case where data are in H s (s > n), pioneering works on the LWP were 
due to Klainerman-Machedon ([3], [5], [6]) and Klainerman-Selberg ([9], [ID]). For the 
critical case, one of the first results was obtained by Tataru ([33], [35]) in the critical 

Besov spaces B 2 2 i x B£i ; the LWP and small data GWP in energy spaces with S 2 
as the target have been established by Tao [27J,[28J. Further contributions for other 
target manifolds came from the works by Klainerman-Rodnianski [7|, Nahmod-Stephanov- 
Uhlenbeck [T7], Tataru ([SB], [37]), and Krieger ([IE], [12], [IS]). For large data, GWP has 
been established independently by three groups: Sterbenz and Tataru ([23],[2S]) obtained 
GWP for arbitrary target manifolds with initial data below the energy of any nontrivial 
harmonic map; Tao ([29]- [33]) obtained GWP for the target manifold M 2 and Krieger- 
Schlag [13] established the same result for a negatively curved Riemann surface. 



The blow-up phenomena for the system (1.2) have also been extensively studied. For 



n > 3, Shatah [21] showed the existence of self-similar blow-up solutions (when n = 2, 
there is no such solution). Based on earlier works of Christodoulou and Tavildar-Zadeh 
(0, [3]), Shatah and Tahvildar-Zadeh ([22], [23J); Struwe [26] showed that blow up in 
the SO(2,M.) equivariant case must result from rescaling of a harmonic sphere. Recent 
works of Rodnianski-Sterbenz [20] and Krieger- Tataru [13] exhibited finite time blow-up 
solutions. Further investigation by Rodnianski-Raphael [12] yielded sharp asymptotic 
on the dynamics at blow-up time; moreover, they proved the quantization of the energy 
concentrated at the singularity. We shall remark in passing that the initial data for the 
aforementioned blow-up results are from special perturbations of the harmonic maps. 



Inspired by two recent works on the dynamical formation of black holes by Christodoulou 
PP and Klainerman-Rodnianski [8] , we propose an alternative approach to study the long 
time existence of wave maps for large data. We will briefly recall their works. 
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In p], Christodoulou discovered a remarkable mechanism responsible for the dynamical 
formation of black holes. He showed that a trapped surface can form, even in vacuum 
space-time, from completely dispersed initial configurations and by means of the focusing 
effect of gravitational waves. He identified an open set of initial data (so called short 
pulse ansatz) without any symmetry assumptions. Although the data are no longer close 
to Minkowski data, he could still prove a long time existence result for these data. This 
establishes the first result on the long time dynamics in general relativity and paves the 
way for many new developments on dynamical problems relating to black holes. 

In [5], Klainerman and Rodnianski extended and significantly simplified Christodoulou's 
work. A key ingredient in their paper is the relaxed propagation estimates, namely, if one 
enlarges the admissible set of initial conditions, the corresponding propagation estimates 
are much easier to derive. They reduced the number of derivatives needed in the estimates 
from two derivatives on curvature (in Christodoulou's proof) to just one. We should note 
that the direct consequence of the simpler proof of Klainerman-Rodnianski yields results 
weaker than those obtained by Christodoulou. In fact, within those more general initial 
data set, they can only show long time existence results for vacuum Einstein field equa- 
tions; nevertheless, once such existence results are obtained, one can improve them by 
assuming more on the data, say, consistent with Christodoulou's assumptions and then 
one can derive Christodoulou's results in a straightforward manner. 

In our current work, the choice of initial data will be analogous to the short pulse 
ansatz in pQ; the proof will rely on a relaxed version of energy estimates similar to the 
relaxation of the propagation estimates in [Sj. These ideas can be generalized to 3 + 1 
dimensions. In fact, one can show that for semi-linear wave equations with general null 
forms nonlinearities on IR 3+1 , there is an open set of large data which allow global solutions 
in the future. This will be the subject of a forthcoming paper [3S] by the authors. 

2. Preliminaries 

2.1. Geometric Preliminaries. We review some geometric constructions on Minkowski 
space IR 2+1 . Besides the standard Cartesian coordinates (t, x%, X2), we will mainly use the 
null-polar coordinates (u,u,6). Let r = \/ x\ + x\ be the spatial radius function, two 
optical functions u and u are defined as 

u =2^~ r ^ u = -{t + r). 

The angular coordinate 9 denotes a point on unit circle S 1 cl 2 . We also use C c to denote 
the the level surface of the function u = c; similarly, C_ u denotes a level set of u. Their 
geometric pictures are cones and their intersection C u PI C_ u will be a circle denoted by 

We use L and L to denote the following future-pointed null vector fields: 

L = d t + d r , and L = d t — d r . 
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We use f2 to denote the rotation vector field: 

Q = xi&2 — %id\. 

In fact, Q = do is a Killing vector field. We also use y to denote the derivative on S^ u 
with respect to the arc- length on Su tU . Therefore, Q = rj7. In particular, for a given 
k G Z> and a smooth function 0, we have 



u will be confined in the interval [uq, —1] where uq ~ — Tq. The parameter u is con- 
fined in [uq, S] where 5 is small positive parameter which will be determined later. The 
corresponding cones are pictured as follows (on the left): 



To simplify, we can forget the 9 direction and draw a simplified two dimensional picture 
as on the right of the above picture. When we derive estimates in Section|3]and|4j u G [0, 5] 
where 5 will be sufficiently small. Since To and uq are fixed numbers, in the region where 
(u, u) G [0,5] x [u , —1], the parameter r ~ 1. In particular, we have 



2.2. Energy Estimates Scheme. Let be a solution for the following non-homogenous 
wave equation on IR 2+1 : 





□0 = $. 

The energy momentum tensor associated to <fi is 



(2.2) 



It is symmetric and satisfies the following divergence identity, 

V Q T^[0] = $-V /3 0. 



(2.3) 
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Given a vector field X, which is usually called a multiplier vector field, the associated 
energy currents are defined as follows 

where the deformation tensor ^'ir^ is defined by 



"K 



/ii/ 



^C x g^ = ^(y tl X u + V u X fl ). 



Thanks to (2.3), we have 



V a jX[<P}=K x [<P} + <$>-X<P 
By null frames {ei = y, e 2 = L, e 3 = L}, we express T a ^[0] as 

T(L,L)[<i>} = \L4>\ 2 , T(L,L)[ ( p} = \m 2 , and T(L,L)[0] = |L0| 2 . 



(2.4) 
(2.5) 



This manifests the dominant energy condition for Tq^ [</>]. 

We shall use X = Q, L and L as multiplier vector fields, the corresponding deformation 
tensors and currents are computed as follows, 



(O) 



7T 

K n 



0, Wtt 
0, AT L = 



7T = — - 



r 
1 



1 



2r (I W + = -^(1 W 2 + L <PL4>). 

where $ is the restriction of the Minkowski metric m to the circle S u ^ u . 

We use T>(u, u) to denote the space-time slab 
enclosed by the hypersurfaces C UQ , C_ , C u 



and C_ u . We integrate (2.5 ) on V(u, u), which 



(2.6) 




is a domain enclosed by the null hypersur- 
faces C u , C_ u , C Uo and Q , to derive 



Cu 



Cur, 



T[cf>}(X,L) + / T[0](X,L) 



+ 



T[0](X,L) + f T[0](X,L) 

■/Co 



£>(«,«) 



where L and L are corresponding normals of 
the null hypersurfaces C u and C_ u . 
In applications, the data on C_ is always vanishing, thus, we have the following funda- 
mental energy identity, 



T[0](X,L) + / T[0](X,L) 



/ T[0](X,L)+/7 if x [0] + $-X0. (2.7) 

•/C^o JJv(u,u) 
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2.3. Null Forms. For a real valued quadratic form Q defined on M 2+1 , it is called a null 
form if for all null vector £ G M 2+1 , we have £) = 0. As an example, the metric tensor 

Qo(Z,v) = g(Z,v), (2.8) 

is a null form. 

Given two scalar function 0, ip, we use Q o (V0, V^) to denote 

Qo(V<f>,Vi/>) = g af) d a <f>df i if>. 
For the rotational vector field f2, we have 

fi(Q o (V0, V^)) = Q o (Vfi0, W) + g o (V0, VJty). (2.9) 
For a vector field X, we denote 

(Q o X)(V0, W>) = Q(VX0, W) + Q(V0, VX^), 
and [Q, X] = XQ — Q o X, we then have 

[L,Q o ](V0,W) = ^(2Qo(V0,V^) + L0L^ + LW), 

[L,Qo](V0,V^) = --(2Q o (V0,WO + £0^ + £0^)- 
r 

From the analytic point of view, we have the following point-wise estimates for Q 
which will play a key role in the current work: 

IQoW, WOI < 1^1 1^1 + 1^01 1^1 + 1^01 IWI- (2.io) 

In particular, we see that the component L<p • Lip does not appear. 

2.4. Gronwall and Sobolev Inequalities. We first recall the standard Gronwall's in- 
equality. Let (f>(t) be a non-negative function defined on an interval I with initial point 
t . If satisfies the following ordinary differential inequality, 

d . ^ , , 
— 4> < a-<j) + b, 

where two non-negative functions a, b G L 1 ^), then for all t G /, we have, 

4>{t) < e A «(0(t o ) + f e- A ^b{r)dr), (2.11) 

where A(t) = J* a(r)dr. 

We the recall the Sobolev inequalities on the circle Su, u - 

su P \f\<\u\kf \ff\ 2 d^ + \u\-Hf l/l 2 ^)^- (2.12) 

$u,u J Su,u J Su,u 

[ \f\ 6 d N < ( / \f\ 4 d N ){\u\ I \ff\ 2 d N + M" 1 I \ffd N } (2.13) 
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where is a smooth function on Su, u - We remark that, in sequel, \u\ ~ r (up to an error 
of size 5) is the diameter of the sphere 5 MiU . 

Finally, we recall some Sobolev inequalities on null cones C u and C_ u . Since the proofs 
reflect the influence the geometry of the cones, we shall give the proofs in detail. 

Proposition 2.1. Let <fi be a smooth function on C u vanishing on Sq U! then we have 



u \ 4 \\<P\\lhSu,u) 



< 



L 2 (C U ) 



L 2 (C U ) 



\ u \ 2 W<i 



l! 2 (C„))> 



L\s & u) Z \\ L ^\\h{c u )U\\h{c u y 



Proof. We multiply (2.13) by \u\ and integrate on C u to derive 

I \u\ 2 \^d^ <sup(/" \uM±d^){[ |HW 2 +/ |0| 2 }- (2.14) 

We consider the integral x{u) = f s |w| |0| 4 <i/z^ on S UtU (notice that u is fixed). Its 
derivative in u direction reads as 



d 

du 



x(u) 



Su : u 



1 



We remark that the term - comes from the derivative of the volume form and it is the 

r 

null expansion (mean curvature) of S UjU in the L direction. Therefore, 



x (u) < -r-r^ + 6, 



du 



\u\ 



(2.15) 



where b(u) = f s \u\\<fi\ 



. Recall that x(0) = since vanishes on So >u . In view 



of the fact that u < S and 5 <C u, Gronwall's inequality yields 



x (u 



< 



4| M ||0| 3 |L0| 



< 



Cu 



\u\ 



Cu 



|L0| 2 ) + 



Thus, (2.15) implies 



sup 

« JSu,u 



\uU\ 



< 



\u\ 



C u 



(2.16) 



C a 



We Substitute ( |2.17[ ) in ( |2.14[ ) and we cancel (J ( 



\u 



on both sides to obtain 



C a 



(/ w\ 2 \<p?)H{ m 2 )H \\u\n\ 2 + 



c u 



C u 



(2.17) 



C u 



We then substitute (2.17) in (2.16) and this proves the first inequality in the proposition. 
The second inequality can be proved in a similar but much more straightforward way. □ 
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Proposition 2.2. Let (ft be a smooth function on C_ u , we have the following estimates: 



uo\*h\\l H s^ ) + \\mh(cjn\\h(c & ) + \\w\n\\h { cj- 

i i 

lhs^ ) + \\L^l HQJ U\\h { c u y 



Proof. We multiply (2.13) by \u\ 2 and integrate on C_ u to derive 

/ \u\ 2 \4>\ & d^ < sup( / |«||0| 4 ^){ I \\u'\n\ 2 + [ I0I 2 }- (2-18) 

We consider the integral x{u) = f s |w| |0| 4 d/i^ on Su tU (notice that u is fixed). Its 
derivative in u direction reads as 



d 

du 



x(u) 



Su,u 



r \u\ 



We remark that the term — comes from the derivative of the volume form and it is the 

r ^ ^ 

incoming null expansion (mean curvature) of S uu in the L direction. Since — - < 0, 

r \u\ 

we have 

d -x(u) < j 4M|0| 31 



du 



We integrate on C_ u to derive 



x(u) < x(u ) + ( I \u'\ 2 \<P\ & )hl \L^)i- 
Jc,. Jc,. 



Let A = f \L(p\ 2 and y = j c H 2 |0| 6 , we have 



sup(x(-u)) < x(uq) + A 2 yz. 



(2.19) 



Let B = J c \\u'\f<p\ 2 + J c |0| 2 . We substitute ([2l9| in gig, therefore, 



This implies y < (x(«o) + AB)B. Thus, 

AM < (2x(uo) AB)% +AB< x{u ) + 2AB, 



(2.20) 



We now substitute (2.20) in turn in (2.19). It leads to the first inequality of the propo- 



sition. The second inequality can be proved in a similar but much more straightforward 
way. □ 
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Combing the above estimates, we have the following Sobolev estimates for L°° norms: 



T CO 



and 



L°° < Hhf^WiS^) + M H^Wl^Su,^) 



2.5. Strategy of the Proof. We now sketch the main structures of the proof. The data 
will be eventually given on t = u + 5 and the solution will exits at least for t G [u + 5, — 1]. 
This can be read off from the following picture. 



f = -l 




First Step. We give initial data on the null hypersurface C Uo where u < u < 5. 
When uq < u < 0, the data is trivial, therefore the solution in Region 1 in the 
picture is a constant map. When < u < 5, the data will be prescribed in a 
specific form (see next section for detailed account): 



<p(u, Uq,0) 



<W>o(f,fl) + (0,0,1) 



where the energy will be approximately Eq. We then show that we can construct 
a solution in Region 2 in the picture. As a consequence, we take the restriction 
of the solution constructed in this step to the surface Si C {t = Uq + 5} (see the 
above picture) as the first part of the Cauchy data. 

Second Step. We choose a smooth extension of the data constructed from the first 
step to E 2 C {t = Uq + 5} in such a way that the energy (up to certain order) is 
small. By small data theory, we can construct a solution in Region 4. 
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• Third Step. From previous two steps, we actually can show that the restriction of 
the solution already constructed to C_ 5 and C^ (where u > 8) are small in energy 
norms. We use them as initial data and we can then solve another small data 
problem to construct solution on Region 3 in the picture. We finally patches the 
solutions in Region 1, 2, 3 and 4 to finish the construction. 

We remark that the first step is the most difficult part since the data is no longer small 
and we have to carefully deal with the cancelations from the structure of the wave map 
equations and the profile of the data. The second and the third parts are more or less 
standard. 

3. Choice of the Initial Data in Region 1 and 2 
Let C UQ be the truncated light-cone defined as follows 

C uo = {x e R 3+l \u(x) = u ,u < u(x) < 5}. 
First of all, we require that the data (p(u,uo,8) (where uq now is regarded as a fixed 



value) of (1.2) to satisfy 

^(«,M ,e) = (0,0,l)G§ 2 Cl 3 for all u < 0. 
Therefore, according to the weak Huygens principle for wave equations, the solution tp of 



(1.2) satisfies 

ip(x) = (0, 0, 1) in Region 1, i.e., u(x) < 0, uq < u(x) < 0. 

In particular, ip = (0,0, 1) on C_ Q up to infinite order. 
Secondly, we prescribe ip on C UQ by 

5h (l 9) + (0,0,1) 

<P{U, Uq, 6) = —————= r , (3.1) 

where i/; is a fixed smooth M. 3 - valued function supported in (0, 1). 

The data given in the above form is called a short pulse, a name invented by Christodoulou 
in [Tj. In his work, he prescribed the shear (more precisely, the conformal geometry) of 



the initial null hypersurface in a similar form as (3.1). The shear in the situation of pQ is 
exactly the initial data for Einstein vacuum equation. 

We remark that the derivative of the data can be extremely large if S is small. It will 
be obvious once we derive L°° estimates for derivatives of p in the rest of the section. 

In order to derive estimates for initial data, we collect some commutator formulas for 
future use. Denote Lie derivatives D = Cl,D = Cl, on IR 2+1 we have, 

[C n ,f} = 0, [D,f} = 0, [D,f} = 0, 
[□,0] = 0, [D,Q]=0, [D,Q] = 0, (32) 



P^] = ^- 2 (L-L) + 2 -^ P,L] = ±- 2 {L-L)- 2 
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Commuting Q with (1.2) n times, in view of (|3.2l), we hava^ 



i+j=n P+Q=j 

rttp-QoiVW^VWip). 



(3.3) 



i+p+q=n 



Commuting L,Q with (11.21), in view of (3.2), we derive 



i+j=n 



p+q=j 



p+q=j 



i+j=n 
1 



p+q=j 



2r 5 



Thus, 



+ ^ ftV • -{Q (Vn*V, VOV) + LQ p ipLQ q (p + WPipLWip} (3.4) 



i+p+<j=n 
1 



2r 5 



Similarly, we commute L, fl with (1.2) to derive 



um n <p= X {Lnv-Q (vnv.vnv) + fiV-Qo(VLfiv,vfiV)} 

i+P+q=n 

+ X • -{Q (yn p v, vnv) + wpywtip + lif^l^v} (3.5) 



2H r 



In view of (3.1), by taking derivatives in L or ^ direction, we obtain 



and 



1 We shall ignore the numerical constants since they are irrelevant in the context. 
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In fact, by taking L or ^ derivatives consecutively, for k e Z> , we derive immediately, 



\\Lf k ip\ 

ll^ + Vl 
\L 2 f k ip\ 



|Z/°°(CViq) rsjk 

\l°°(c Uo ) ~fc 8*, 

|i°°(Cn ) ^fc 5~2. 



(3.6) 



We turn to the L°° estimates on those derivatives of ip involving L directions and this 
process relies on the original equation \1.2 ). We first rewrite ( 1.2[ ) in terms of null frame: 



LLip + Asp + —(Lip - Lip) = ip(-Lip ■ Lip + l^fyl 2 ) 
2r 



(3.7) 



We first derive estimates on Lip. Notice that (3.7) can be viewed as an ordinary 
differential equation (ODE) for Lip as follows, ^ 



where 



LiLip) = a ■ Lip + b, 



2r 



According to (3.6), we derive immediately, 



l|a|U°°(c„ ) < $ 5 , ||&IU~(c„ ) < <5 5 - 

Observe that 

L\Lip\ < \L(Lip)\ < \a\ ■ \Lip\ + \b\. 
In view of the fact that Lip = on Su,u, by Gronwall's inequality, we have 

s 



\Mu)\< f e- A ^b(r)dr < 6*. 
Jo 



Hence, 



WLpW 



L°°(Cu ) 



< 5i. 



(3.f 



We proceed to the estimates on Uflip. We shall first commute (1.2) with fi, that is, 
take n = 1 in (3.3). In null frame, we rewrite the equation as 



-LLVLip + Hlip H (LVtip - LVLip) = 2ipQ Q (VVtip, Vip) + ttipQ (Vip, Vip). 

Similarly as above, by Gronwall's inequality, we obtain ||Lfi<£>||z,°o(c,, ) < 5^. Hence, ac- 
cording to (2.1 ), 

(3.9) 



\\0v\\l°°{c uo ) < ^. 
Similarly, we commute (1.2) with two f2's to derive 



\0*<P\ 



< 5~2. 



(3.10) 



2 Since the exact numerical constants are irrelevant, we shall ignore the constants appearing as 
coefficients. 
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Remark 3.1 (Key Ingredient). To obtain a long time existence theorem for (1.2), we 

have to derive estimates on if (as well as on its derivatives). Those estimates must be 
valid on the initial hypersurface and those estimates should propagate along the evolution 
of (1.2). For this purpose, we shall use a slightly weaker estimate for y k f than those in 

7 k+l 



<P), 



<*i. 



One expects it should be much easier to prove this estimate propagating along the flow of 
(1.2) than the original one in (3.6). This is the relaxation mentioned in the introduction. 



To summarize, on the initial null hypersurface C Uo , under the initial assumption (3.1), 
up to third derivatives of ip (which turns to be the minimal number of derivatives needed 
to proceed an bootstrap argument in next section), we have the following L°° estimates, 



\W<p\ 



<S~'. 



iy fe+ VlU-(c« ) < i, 



(3.11) 



\Lf<p\ 



< <J2. 



for k 



0, 1, 2, and 



\L 2 <p\\l°°(c U0 ) ^ $ 2 , 



||L 2 ^| 



L°°(C U0 ) ^ $ 2 , 



(3.12) 



i°°(Ci, ) 



< 6~l 



From (3.11) and (3.12), we derive immediately L 2 estimates (observe that the area of C UQ 
is comparable to 5): 

\\Lf k ¥\\LHc U0 ) < 1, 
i ii 

V\\V{C U0 ) 



\\t +l v\\ 



(3.13) 



for k 



0,1,2, and 



ll-^VlU 2 (c U0 ) ^ 8 1 , 



(C«o) 



< r 1 , 



(3.14) 



In the next section, we shall show that, up to a universal constant, the estimates in 



(3.13) and (3.14) will hold on all later outgoing null hypersurfaces C u where — 1 > u > Uq 
provided the solution of (1.2) can be constructed up to C u . 

4. A Priori Estimates 



We assume that there is a solution of (1.2) defined on the domain T> UsU which is enclosed 
by the null hypersurfaces C u , C u , C uo and Q . The goal is to show that estimates (3.13) 
and (3.14), which are valid on C uo , also hold on later C u . We start by defining a family 
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of energy norms. For this purpose, we slightly abuse the notations: we use C u to denote 



Cu' m and C„ to denote C 



uo,u] 



by definition, 



u 

We define 



{p e C u \0 < u(p) < u} and C^°' u] = {p G C u \u < u(p) < u}. 



E x {u, 


u) 


= \\ L( Ph*(c u ) + <H 


I^II^Cu). 




u) 


= \\Y<p\\i*(cj 


\\L<P\\r?(cj, 


E 2 {u. 


u) 


= \\Lf<p\\ L 2(c u ) + 8~ 


HY 2( p\\i?{c u ), 


E 2 (u. 


Vl) 


= liyVlU 2 (cj + 8~ 




E 3 (u. 


m) 


= \\Lf 2 (p\\ L 2 (Cu) + 5 


— ill TT73 II 

2 \\f vh^Cu) 




u) 


= liyVlk 2 (cj + 


*\\Ly <p\\z?(cj 



(4.1) 



and remember that \fltp\ ~ \Yf\ on ^u,u- 

We also need another family of norms which involves at least two null derivatives. They 
are defined as follows: 

F 2 (u,u) = 5\\L 2 <p\\ L 2 {Cu ), 
F 2 (u,u) = \\L 2 ip\\ L 2 {a j, 
F 3 (u,u) = 5\\L 2 f V \\ L i {Cu) , 
E 3 (u,u) = \\L 2 f<f\\ L 2 ( cj. 
We shall prove the following propagation estimates, 



(4.2) 



Main A priori Estimates. If 5 is sufficiently small, for all initial data of (1.2) and all 

I G K>o which satisfy 

£i(«o, 5) + E 2 {u , 5) + E 3 {u , 5) + F 2 {u , 5) + F 3 {u , 5) < I, (4.3) 
there is a constant C(I) depending only on I 3 (in particular, not on 5), so that 

3 3 

Y^[Ei(u,u) +E i (u,u)] + ^^KuI+F/m)] < C(J), (4.4) 

i=l j=2 

for all u G [uq, u*] and u G [0, u*] where Uq < u* < — 1 and < u* < 5. 

4.1. Bootstrap Assumption. We shall use a standard bootstrap argument to prove the 
Main A priori Estimates. We assume that 

3 3 

^[^(mI+^KmI + ^K^wI+^Km)] <M, (4.5) 

i=l j=2 

for all u G [u , u*} and u G [0, u*}, where M is a sufficiently large constant. Since we have 
assumed the existence of the solution up to C u * and C_ u *, we can always choose such a 
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M which may depend on the ip. At the end of the current section, we will show that we 
can actually choose M so that it depends only on the norm of the initial data but not the 
profile. This will yield the Main A priori Estimates. 



4.2. Preliminary Estimates. Under the bootstrap assumption (4.5), we first derive L°° 
for one derivatives of ip. As a byproduct, we will also obtain the L 4 estimates for two 
derivatives of p. For this purpose, we shall repeatedly use the Sobolev inequalities stated 
in Section l2~4l 

We start with Lip. According to Sobolev inequalities, we have 

1 ill 

W\\Lp\\ L A {S u,u) £ ll L Vll!2 (Cu) (||^lll2 (Cu) + W\\Lfp\\ L 2 {Cu) ) 

< (r 1 M)5(M^ +M2). 

Hence, 

\\Lp\\l^) < <Hm. (4.6) 

Similarly, we have 

ll^ll^(5 a , tt) < Hat. (4.7) 

We also have 

ii ii 
II^IU-(s a ,„) ^ \\ L2 ^\\h {c J\ L ^\\h(c u ) + \\f L2c P\\h( Gu )\\f L( P\\lHc u )) 

< 6-*M. 

i.e. 

IMU- < HM. (4-8) 
We now treat ^ip. According to Sobolev inequalities, we have 

< M3((«J3M)3 + (<53M)3). 

Thus, 

II^IU*(5 fi , u ) < 5*M. (4.9) 

Similarly, 

\\? 2 v\\l*( S&u ) < 5$M. (4.10) 

And 

II^IU-(s„, u ) < ll^ll!2 (Cu) ||^|ll2 (Cu) + \\f 2 Lp\\l 2{Cu) \\f 2 p\\l 2{Cu) . 

gives 

\\ftp\\ L oo<SiM. (4.11) 
Finally, we turn to the estimates on Lip. For ||X^||x,4, we have 

II^IU*(^,u) £ &lk(^ ) + \\L 2 p\\l 2{a J\\Lp\\l 2{aJ + \\fLip\\l 2{a J 
< 5^ +5*M 
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If S is sufficiently small, we obtain 



Similarly, we also obtain 



And 



\Lfv\W{s u , u )<&M. 



(4.12) 
(4.13) 



\\Ltp\\ L ~>(Su,u) ^ \\fLy\\ L 2 {s ^ uo) + \\L(fi\\ L 2 {S&uo) 

< + 55 + s\m. 

If 5 is sufficiently small, we obtain 

\\L<f\\ L oo<5iM. 
We summarize all the estimates in the following proposition. 



(4.14) 



Proposition 4.1. Under the bootstrap assumption (4.5), if 5 is sufficiently small, we 
have 

S^\\Lp\\ L oo + 5~^\\fip\\ L oo + 5"3||Z^|| L oo 

+ n^^iU 4 (s„,„) + *~*nyviu*(su,„) + s ~* n^^iU 4 (s„,„) 

+ 5*\\L(p\\ L * (gsbu) + H||^|| £ 4 ( 5 J4|u) + <J-3||L^|| £ 4 (iSraiu) < M. 

We observe that L°° estimates on Lip (which of order 5±) is certainly worse than the 
initial estimates of Lip on C Uo (which is of order 5%). To rectify this loss in the future, we 
need L 2 estimates of Lip on C u (instead of C_ u appearing in the definition of E^UjU)). 



Lemma 4.2. Under the bootstrap assumption (4.5), if 5 is sufficiently small, for i = 
or 1 (not for i = 2), we have 



Proof. We multiply Lip on both side of the main equation (3.7) and integrate on C u . In 
view of the fact that Lip = on So, u , (2.10) as well as \ip\ = 1, this leads to 

\Lip\ 2 = [ L\Lp\ 2 + -\Lp\ 2 



Su,u 



r 1 — 



< 



1 



(4.15) 



u f 



\Lp\\Lp\ + \M\Lp\ + \Lp\\Lp\ 2 + \fp\ 2 \Lp\. 
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where the integral f c u means Jq J s ; dyf. Let f 2 (u) = J c u(L(p) 2 . We now estimate the 
terms at the right hand side of (4.15) one by one: 



r u r 



-\L V \\Up\<f{u)M, 



r- 



\M\Lfp\<S^f(u)M, 

\L V \\L^<5^f{u)M, 

\y^\ 2 \L v \<5'if{u)M. 



r 1 — 



Back to (4.15), we have 



d 

du 



f{uf<M{5^f{uf + f{u)), 



We then integrate on [0, 5] to derive 

f(u)<MS^f(u) + 5M. 

If 5 is sufficiently small, the first term on the right hand side will be absorbed. This yields 
the desire estimate. For Lfltp, we simply repeat the above process to get the result. □ 



4.3. Estimates on E^s and E k 's Part-1. We commute VL % (for i — 1,2) with (1.2), in 
view of (3.3), we have 

k+p+q=i 



We use the scheme in Section 2.2 for this equation where we take = fflip (i = 0, 1, 2) 
and X — L. In view of (2.7), we have 



lov| 2 + / iynv 



■ki, _|2 



a, 



+ £ 

fc+p+q=i,fc>l 



V 



p+q=i 

i 

D 27' 



(4.16) 



i,„|2 



c if 



where the Sj's are defined in the obvious way. We also recall that, for all smooth functions 
0, we actually have 
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We first consider Si. In view of (2.10) and the fact that \ip\ = 1, we split Si into the 
sum 

&1 ~ $11 + ^12 + Sl3 + 5*14 + S15, 

where 

Sn = JJ iLppnvi 2 , 

5 12 = ^ IL^IILQVII^VI, 

513 = JV^I^VII^Vl, 

S u = JJ \LQ(p\\LQ(p\\LQ 2 (pl 

S 15 = JJ \ f£hp\ 2 \Ln 2 <p\. 

where for Su and S15, i = 2. We bound those terms one by one. 
For Sn, we have 

Su < [ ||2#>|U~( I |LfiV| 2 )d«' 

< / 5^M-M 2 dv! 

< 6$ ■ M 3 . 

For the last step, we have used the fact that u is a fixed constant. 
For S12, we have 

Si 2 <(JJ^\L<p\ 2 \m<p\ 2 )^JJ^ ilqVI 2 )^ 

« ii^n^( r \\m^wi HCui) du')H r\\Lf^ LHa) dnf^ 

Ju JO 

<6~*M-M-6M 



< 52 • M 2 



For S13, we have 



S13 < / II^IU-II^VIU^c^^ll^VlU 2 ^,)^' 

J Ur\ 



< I S^M ■ M ■ S^Mdv! 



' "0 
< 52 M 3 . 
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For S14, we have 



Su < 



||Ln¥»||i w d«O l ( / ll^ll^^'H / \\LVM\Uc ul )du')* ■ 
In view of (14.131), we have 



Thus, 



Similarly, we have 



\\m<f\\ 4 Li(&i) 



du'V < 



5M 4 )3 <8*M. 



Juq 



du') l ± < <Hm. 



HQ 



Hence, 



S u < ■ <Hm ■ M <<) ■ ■ M : 



For S*i5, we can proceed in a similar manner as for Su . This yields 



Si5 < 



<-'<> 



2 , „ 1 1 2 



"0 



We add up those estimates for Si^'s to derive 

Si < 5* ■ M 3 . 

We now consider S^. Due to the symmetry of the indices p and q in S^, we always 
assume p > q. Because k > 1, therefore g = 0. We can rewrite S2 as 



fc+p=i,fc>l 



In view of (2.10), we split S2 into the sum: 

5*2 i$ 5*21 + + 5*23; 

where 

IfiVll^VII^II^VI, 



5*21 
5*22 



V 



S- 



23 



i^vii^vii^ii^vi, 



where % — 1 or 2. We bound those terms one by one. 
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For S21, according to the values of (k,p), we have three cases: (k,p,i) = (1,0,1), 
(1, 1,2) or (2,0,2). Thus, we can further spit £21 into three terms according these three 
cases: 

5*21 = S2II + 5*212 + 5*213, 

where 



S 2 n = J[ \n<p\\L<p\\L<p\\m<p\, 
5 2 i2 = JJ |^||L^||L(^||LQVl, 



5 2 i3 = JJ^WvWL^WL^wm 1 ^. 

For 52ii, we have 

S211 < / II^IU-II^IU-II^IU 2 (c u ,)ll L ^IU 2 (c ll /)^ / 

Juo 

For 5212, we have 

5 2 12 < / ll^llL-II^IU-II^^IUa^oll^VlU 2 ^,)^ 
Ju 

< 5l ■ M\ 

For 5 2 i3, we have 

5 2 is < / ||L^|| L oo||L¥»|| £ oo||nVllL»(c„,)||^VlU a (c u ,)d«' 

Ju 

<8* f dv! • M 4 < 52 • M 4 . 
Therefore, we have 

S21 < ■ M\ 

For £22, according to the values of (k,p), we also have three cases: (k,p,i) = (1,0,1), 
(1,1,2) or (2, 0, 2) and we further spit 5 2 2 according these three cases: 

522 — S22I + 5222 + 5223, 

where 

5 22 i= II \n<p\\L<p\\L<p\\m<p\, 



v 



s 222 = JJ \n(p\\Ln(p\\L(p\\Ln 2 (p\, 
s 22 * = JJ^\n 2 ip\\Up\\Lip\\m 2 ip\. 
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We observe that S221 and S223 have appeared as S 2 u and 5213. So we ignore them and 
we only bound S222 as follows: 

r-u 

Juq 

< 6 1 * ■ M 4 . 

Therefore, 

5 2 2 < 5* ■ M 4 . 

For 523, according to the values of (k,p,i), i.e. (k,p,i) = (1,0,1), (1,1,2) or (2,0,2), 
we further spit S23 into three cases: 



where 



S23 — S23I + 5*232 + 5*233 5 

s 231 ^ JJjn<p\\f<p\ 2 \m<pi 
s 232 = JJ^\\fn v \\f v \\m 2 v \, 
s 23 3 = fjjn 2 v \\y v \ 2 \m 2 v \. 



For 5231, we have 

S231 < / \\^\\L^\\f^\\L^\\f^\\LHC u ,)\\L^\\ L ^C ul )du 
Jun 



<u 

< 6 ■ M\ 



For 5232 , we have 

S 2 32 < / \\tt(p\\ L ^\\f(p\\ LX \\fQ(p\\ L 2 {Cu/) \\m 2 (p\\ L 2 {Cul) du' 

J un 



< 5 ■ M\ 



For 5 2 33, we have 

^233 < / \y V f L ^\\\mcA m2 ^\\v{C ul )du 



' MO 

Therefore, we have 

5 23 < S ■ M\ 

and 

5 2 < 53 • M 4 . 
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For S3, we have 



5 3 < 



u 1 



w 



' "0 

< 6 ■ M\ 

For S4, it is similar as S3. We only give the result: 

S 3 <5- M 2 . 



Putting those estimates in (4.16), we obtain 

J^U \m^\ 2 +j ifrtvA </ 2 + 53-m 4 . 

where I is the size of the initial data and M > 1. We finally obtain 

2 

(ii^viil^) + \\w v \\ LH cj) <i+5^-m 2 . 

i=0 



(4.17) 



4.4. Estimates on E^s and E^s Part-2. For i — 1,2, we still consider 



and we use the scheme in Section 2.2 where we take = Q l <p (i = 0, 1, 2) and X = L in 



(2.7). Therefore, we have 



k+p+q=i,k>l 
1 



p+q=i 
k 



+ // ^VQo(v^v,v^V)^V 



1 



(4.18) 



m % <p-LW<p- // — IWy? 
© 2r ' i/x, 2r 

yfiV| 2 + ri+T 2 + T 3 + T 4 , 



where the T/s are defined in the obvious way. 

We first consider 7\. In view of (2.10) and the fact that 
sum 



1, we split Ti into the 



Tx < T u + T 12 + T 13 + T u + T 15 , 
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where 

'' 1 2 



T n = JJjL<p\\LW(p\\ 
T 12 = JJ |L^||LQVII^V|, 

Ti 3 = JJjfcpWfWcpWm^i 

T u = JJ \LQ<p\\LQ(p\\LQ 2 (pl 

t 15 = JJjfn v \ 2 \m 2 v \. 



where for T 14 and T 15 , 2 = 2. We bound those terms one by one. 
For T n , we have 

rS 



T n < I \\L<p\\l°°( f \m l V \ 2 )du' 
Jo Jc„, 



< 5? ■ M 3 . 



For T12, we have 



Ti 2 < 

>uo 

< ai • m 3 . 

For Ti 3 , we have 

rS 



\\L<p\\l-( [ U \\LnM\l H c ul )du)H r\\W\%f V \\ 2 L . { c u ,)d^ 

Juo JO 



t 13 < / II^IU-II^VIU^^oll^VII^^,)^' 

Jo ~ 
< Si • M 3 . 

For T 14 , we have 

pu pu pu 

t u <( \\m v \\i^ u ,)du!)H \\mip\\i i{Cui) du')\{ \\mM 2 L2{aui) d^. 

Jo J uq Jo 

As we have done for Su in last subsection, we have 

~\\m v \\i HQu _ f) dv!)*<5^M, 



and 

lu \\m^ Cul) du>)\<5-\M. 



UQ 
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Thus, 

T 14 < Si ■ M 3 . 

For T 15 , similarly, we have 

ru ru 

T 15 < (/ IHWVUi*^)^')^ /l^Vll!^)**')* <<* ! -M 3 . 
Ju JO 

We turn to T 2 . Due to symmetry considerations, we always assume p > q. Because 
k > 1, then g = 0. We rewrite T2 as 

k+p=i,k>\ ^ V 



In view of (2.10), we split T2 into the sum: 

^2 ^ ^21 + ^22 + T23, 

where 



t 21 = ^ iqVII^VII^II^VI 



T 22 = jj \n%\\m p V \\Up\\m V \, 

T 23 = ^ |OV||y^||^II^Vl- 

where i = 1 or 2 and k + p = i. We bound those terms one by one. 

For T21, according to the values of (k,p, i), we have three cases: (k,p, i) = (1,0,1), 
(1, 1,2) or (2,0,2). Thus, we can further spit T 2 i into three terms according these three 
cases: 

T21 = -?2ii + T 2 i 2 + T 2 i3, 



where 



T 2n = JJ \n<p\\Ltp\\L<p\\m<pi 



t 212 = I J \n<p\\m<p\\Ltp\\LWtp\ 



T 2 is = \n 2 <p\\L<p\\L<p\\m 2 <p\- 

For T 2 n, we have 

Jo ~ 
< 5i • M 4 . 
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For T212, we have 

Jo - 

< Si ■ M\ 

For T213, we have 

T213 < / II^IU-II^IU-II^VII^^oll^VIU 2 ^,)^' 

JO " 

< Si ■ M\ 
Therefore, we have 

T 21 < Si • M 4 . 

For T 22 , according to the values of (k,p), we also have three cases: (k,p,i) = (1,0, 1), 
(1, 1, 2) or (2, 0, 2) and we further spit T 22 according these three cases: 

T22 = T 22 i + T 222 + T 22 3, 

where 



T 22 i = jj \Slip\\lAp\\Lip\\mip\, 

t 222 = jj \n v \\m v \\Lip\\m 2 v i 



T 223 = jJ^\n 2 y\\Ly\\Ly\\m 2 y\. 

Since T 221 and T 223 have appeared as T 2 n an d ^213, we ignore them and we only bound 
T 222 as follows: 

t 22 2 < / II^IU-II^IU-II^^IU^c^oll^VlU 2 ^,)^ 



I'll 

5-M 3 - / \\m<p\\ LH c u/) du' 
Jo 



< 5 2 • M 4 . 



Therefore, 



T22 < Si • M 4 . 



For T 23 , according to the values of (k,p,i), i.e. (k,p,i) = (1,0,1), (1,1,2) or (2,0,2), 
we further spit T 23 into three cases: 

T 2 s = T 231 + T 232 + T 233 , 
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where 



t 23 i = JJ^\\f<p\ 2 \m<pi 
t 232 = JJ^\n<p\\fn<p\\f<p\\m 2 <pl 



t 233 = lj 



For T 23 i, we have 



Jo ~ 
< S 2 ■ M 4 . 

For T 2 32, we have 

pu 

t 232 < / II^IIl-II^IIl-II^IIl^^oII^VIIl^^,)^ 

Jo - 
< S 2 ■ M\ 

For T 233 , we have 

t 233 < r 11^11^11^1^(^)11^11^(0,,) **' 

Jo 

< 6 2 ■ M\ 

Therefore, we have 

T 23 < 5 2 ■ M\ 

and 

T 2 < 5f • M 4 . 

For T 3 , the derivation of the estimates is different from all the previous terms. In fact, 
we have 

t 3 < jj^ 2 m v \ 2 + \\m^ 

8\\LnW\l H c uf) du' + - r\\m^\\l HCuf) dy!. 

uo Jo 



At this point, we can use the conclusion of (4.17) which leads to 



T 3 < / 5(I 2 + 5 l sM*)du> + - / ||LnVlli»(s 0**' 

Ju Jo - 

1 pu 

= 5/ 2 + 5l-M 4 + -y o \\LQ^\\l 2{a ^dyf. 
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For T4, again thanks to (4.17), we have 



Jc 



< SI 2 + P ■ M\ 



Now we add all (4.18) for % — 0, 1, 2, in view of the above estimates, if 5 is sufficiently 
small, we now have 



i=0 



\fn i v \ 2 + / |Lfivi 2 < ^ 2 + 55 • m 4 + - ^ / iiLfivili^,)^'- 



c., 



i=0 



Since the HLf^Vll^^ \'s also appear on the left hand side, a standard use of Gronwall's 
inequality removes the integral on the right hand side. This yields 



£ (inWlVMcy + ll^Vll^(ej) < 8* I + 5^ ■ M\ 

i=0 



(4.19) 



Putting (4.17) and (4.19) together, we have obtained the energy estimates for E^s and 



{Ei(u, u) + £>, u))<I + 6&. M 2 



(4.20) 



8=1 



4.5. Estimates on F 2 (u,u) and F_ 2 (u,u). We first consider the bound of ||£VlU 2 (cj- 
We commute L with (1.2), in view of (3.5), we obtain 

2 

Uhp = hp ■ Q (V<p, V<p) + <p- Q (VL<p, V<p) + <p ■ - (Q (V<p, V<p) + Liphp) 

r 

+ — 2 (hp-Lv)--^- 
We use ( 2.7[ ) for the above equation where we take <p = hp and X — L, therefore^] 



\fL<p\ + / \L 2 ip 



- 2 |2 



C„ 



Cur. 



\fL<p\ 2 + jj <pQ (Vhp,V(p)I/tp 



+ I I tp ■ - (Qo(V<p, V<p) + Liphp) hip + I/ hpQ Q (yip,Vip)hip 



v 



v r* 



+ // — (hp - L(p)L 2 <p + // -fi.<pL 2 <p+ // —LL<pL 2 <p + 



v r 



2r 



(4.21) 



C U Q 



\yhp\ 2 + s 1 + s 2 + ■ ■ ■ + s 7 , 



Once again, we ignore the signs and numerical constants. 
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where the error terms S/s are defined in the obvious way. We now bound those error 
terms one by one. 
For S\, we have 

Si< [[ \L<p\\L 2 cp\ 2 + ff \L<p\\LL<p\\L 2 tp\ + [[ \fcp\\fL<p\\L 2 cp\ 
JJv JJv JJv 

= Su + S12 + S13. 

For Su, we have 

Su < \\L<p\\ L » A / \L\\ 2 )dyf 
Jo Jc^ 

< 55 . M 3 . 



For S12, we need control for LLip. According to (3.7), we have 

\\LL<p\\ L 2 {Cu) < \\/fxp\\ L 2 {Cu) + \\-L<p\\ L 2 (Cu) + \\^L V \\ L 2 {Cu) 
+ \\L<pL<p\\ L 2 iCu) + |||^riU 2 (c u )- 
For quadratic terms, we bound one term in L°°, thus, we have 

\\LUp\\ L 2 {Cu) <M. (4.22) 

Hence, 

S12 < \\Lfp\\u»( I" \\LLcp\\h(C u ,)du')H P \\L 2 V \\h { c u ,)du)^ 

<5t-M 3 . 
For 5*13, we have 

pu pu 

Si3<\\?<p\\ L °°( \\fLcp\\h(o u ,)du')k \\L 2 ^\\ 2 L2{ c uf) du'^ 

J uo Jo 

< 5l ■ M 3 . 

Thus, we have 

Si < 5^ ■ M 3 . 

For S 2 , we have 

S2< ffj\n\ 2 + \L V \\m\L\\ 

< (\\fvh~> + felMGDMU^) + \\L<p\\mv))\\L 2 tp\\ L 2 { v) 

< 5 ■ M 3 . 
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For S3, we have 



S3 < \\L<p\\u» ]JJ\fvY + \L V \\Up\)\L z V \ 

< . M{\\fip\\ L ~ + \\Up\\ Lx ){\\f<p\\ LHv) + ||L^|| i2(2 ,))||LVlU^( C ) 

< 8i ■ M\ 

For S4, 5*5, 5*6 and 5*7, we use Holder's inequality to bound each factor in the quadratic 
expressions in L 2 . As an example, we bound S4 as follows: 

^4 < (11^^11x2(2,) + \\L V \\ L 2 (V) )\\L 2 V \\ L 2 {V) 

< 5$ ■ M 2 . 

Similarly, we have 

S 4 + S 6 + S 6 + S 7 <6*- M 2 . 
Putting all those estimates back to (4.21), we obtain 



/ \L 2 V \ 2 <6 2 I 2 + 6^M 3 + 6^M 4 . 
Jc. 



where / is the size of the initial data. This leads to our desired estimates: 

■ 1 „ ,3 



F 2 (u) < 5I + 5*M*. (4.23) 



We now consider the bound of ||L 2 (^|| i 2( C ' u ). In view of (3.4), we commute L with (1.2) 
to derive 



OLip = Lip ■ Qo(V<^, V<^) + <p ■ Q (VLtp, V<^) + <p ■ -{Q {V(p, V<^) + LcpLcp) 

r 

1 2 

We use (2.7) for the above equation where we take <p = Lip and X = L, therefore^] 



lVI 2 + 



C if 



\fLip\ 2 = [ \L 2 <p\ 2 + [[ <pQ (VL<p } V<p)L 2 <p 



+ // <P ■ - (Qo(V<^, V<p) + LipLip) L 2 ip> + // L<pQ (y<p, V<p)L 2 (p 



+ 



v 



V 



V 



—(Lip - L<p)L 2 <p + if -4±<pL 2 <p 



\L 2 <p\ 2 + T 1 +T 2 + 



v r 
^T 7 , 



1 

2r 



LL_ip>L 2 ip 



(4.24) 



Once again, we ignore the signs and numerical constants. 
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where the error terms T/s are defined in the obvious way. We now bound those error 
terms one by one. 
For Ti, we have 

Tx< // \L V \\L 2 V \ 2 + [[ \L<p\\LL<p\\L 2 <p\ + [[ \Y<p\\fL<p\\L 2 <p\ 
JJv JJv JJv 

— Tn + T12 + T 13 . 
For Tn, we have 

Tn < IIL^IIl- f ( I \L 2 ip\ 2 )du' 

J uo J C u i 

<<H-M 3 . 

For T 12 , we have 

pu pU 

T 12 <\\Lip\\ L ~( \\LLip\\l 2{Cui) du>)H \\LMl> { c u ,)du')^ 

J un J uo 



<r§-M 3 . 



For Ti 3 , we have 

pu pu 

Ti3<\\ftp\\LA \\fL<p\\l* { c ul )du')H \\L 2 <f\\h(c u ,)du'^ 

J Uq J Uo 

<H-M 3 . 

Thus, we have 

Ti < <H • M 3 . 

For T 2 , we have 

T 2 < JJ^\f<p\ 2 + \L<p\\L<p\)\L 2 <p\ 

< (\\f<p\\ L <*> + ||^|| L cc)(||^|| L2(2 , ) + ||L ¥ »|| L 2 (2 , ) )||LVlU a (2>) 

<rf -m 3 . 

For T 3 , similarly, we have 

T 3 <H-M 4 . 

For T 4 , T 5 , T 6 and T 7 , we bound each factor in the quadratic expressions in L 2 . To 
illustrate, we bound S4 as follows: 

Ta < (\\L<p\\ L 2 ( v) + \\L<p\\LHv))\\L 2 <p\\ L 2 {v) 

< S' 1 ■ M 2 . 

Similarly, we have 

T 4 + T 5 + T 6 + T 7 <cr 1 -M 2 . 
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Back to (4.24), we have 



^Vl 2 < 5-' z I' z + 5~iM' 



2 r 2 



thus, 



F 2 {u,u) = S\\L 2 <f\\ L 2 (Cu) <I + 6*M 



We summarize the estimates in the subsection, i.e. (4.25) and (4.23) as follows, 



F 2 {u,u) < 1 + 5^ • Af5, 
F 2 (u,u) <6I + 5*-M%. 



(4.25) 



(4.26) 



where 6 is sufficiently small. 



4.6. Estimates on Fz{u } u). In view of (3.4), we commute L and f2 with (1.2) to derive 
ULQip =Lip ■ Q (VQ<p, V<p) + Ltt<p ■ Q {V<p, Vp>) 

+ ip ■ Q (VLtttp, Vip) + up ■ Q (Vtttp, VLud) + Vtuo ■ Q (VLip, Vip) 

+ tp (2Q (VQ(f, Vip) + Lttip ■ Up + Lip- LQip) 

r 

2 12 

+ flip ■ - • (Q (Vuj, Vuj) + Lip ■ Up) - ——(LQuj - LQuj) + -Asp. 
r 2r z r 



Applying (2.7) to the above equation with = Lilip, and X = L, we obtain 

|L 2 r^| 2 - 



L^| 2 + // Ltp-QoCVQip^ip) -L 2 Vtip 
v 



\fLtt V \ 2 

JJ LVtip ■ Q (Vip, Vy>) • L 2 tt(p + JJ <p ■ Q (VLttip, Vip) ■ L 2 ttuo 



+ // v ■ Q (ynuj,vL<p) -L 2 n<p+ // nuj-Q (VLuj,Vuj) -l 2 Quj 



v 



V 



+ 



(2Q (VQip, Vip) + LQuj ■ Lip + Lip- LQip) ■ L 2 fl<p 



(4.27) 



v 



+ II Slip ■ - ■ (Q (Vip, Vip) + Lip ■ Lip) ■ L 2 Vtip 



+ 



+ 



v r 
1 

r~ 



: (LQip - LVtip) ■ L 2 Vtip + 



\ip ■ L 2 Vtip 



v 



-LLVtip ■ L 2 Vtip + 



\fLQipf 



v 



We rewrite the right hand side of the above equation as 

/ i^n^i 2 + Si + s 2 + ■ ■ ■ + s n , 
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where the error terms Si's are defined in the obvious way. Once again, we need to control 
the error terms one by one. 
For Si, we have 



Si< // \L<p\'\m<p\\L 2 n<p\+ // \L<p\\Lcp\\mcp\\L A Q<p\ + // \L<p\\f<p\\fn<p\\L<n<p\ 
JJv JJv JJv 

= Su + 5*i2 + S13. 
For Su, we have 

Su ^ ll^lli- / II^^IIl2(c 11 ,)II l2 ^IU 2 (c u ,)^' 

Ju 

< r 1 ■ m 4 . 

For 5*12 and S i3 , similarly, we have 

S12 + 5i 3 < 5- 1 ■ M 4 . 

Thus, we have 

Sx < 5- 1 ■ M\ 

For S 2 , we have 

S 2 < JJ^ \L V \\Up\\m^\\L 2 ^\ + JJ^ \¥<p\*\m<p\\L 2 n<p\. 

Each term in the above expression can be estimated exactly in a similar manner as we 
have done for Su, therefore, 

S 2 < 6- 1 ■ M 4 . 

For S 3 , we have 

Ss< II \L(p\\L 2 Q(p\ 2 + II \L V \\Lm V \\L 2 tt V \ + If \f V \\fm V \\L 2 n V \ 
JJv JJv JJv 

< S31 + S32 + 533. 

The estimates for S31 and S33 are straightforward, we simply use L°° bound on the first 
order term. This yields 

s 3 i + s 33 < r§ ■ m 3 . 

For S32, we need the bound on \\LLQip\\ L 2^ Cu y Since the derivation is exactly similar 
to that of (4.22), we only state the conclusion: 

\\LL^\\ LHCu) < M. (4.28) 

Then, we can bound S32 in a similar manner as S31 or S32 . This yields 

S 32 <H-M 3 , 
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and 

S 3 <H-M 3 , 

For S4, we have 

Si< II \LQy\\L 2 y\\L 2 ny\ + II \mip\\LLip\\L 2 nip\ + II \fttcp\\fLcp\\L 2 tt(p\ 
JJv JJv JJv 

= S41 + S42 + S43. 

For 541, we have 

S41 < / / ||l^IIl4(5 m , u oII^VIIl4(5^ u oII l2 ^IU 2 (^„,)^m'- 

JO Ju 

We now use Sobolev inequality to control L 2 ip: 

< iiyLVIU»(s fi ,, u o + M^II^VII^s^,)- 

Thus, we have 

5 4 i < 5*M / ||L 2 Jty||£ 2(Cu ,) + \\L 2 ip\\ L 2 {Cu/) \\L 2 nip\\ L 2 {Cul) du' 

Ju 

< <H • M 3 . 



The estimates for S42 and 6*43 are similar to 541, we only give the conclusion: 

S 42 + S 43 < H ■ M 3 . 

Therefore, 

S 4 <H-M 3 . 

For S 5 , we have 

s 5 < JJ^ \n v \\LL V \\L V \\L 2 n v \ + JJ^ i^hlVII^II^I 

+ JJ^\\fL^\\f v \\L 2 ^\. 

Therefore, the estimates for S$ is similar to Si. The proof is routine and we only give the 
final estimates 

s 5 < r 1 • m 4 . 

Similarly, the estimates for S 6 and S 7 are similar to those of Si or S 2 , we only give the 
conclusions 
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For S$, Sg, S\o and Sn, we simply bound each term in the quadratic expressions in L 2 . 
We do this for S\o to illustrate the idea: 

£10 ^ \u\- l \\LLttip\\ L 2 {v) \\L 2 ttLp\\ L 2 (v) 

< 6- 1 • M 2 . 

Similarly, 

s 8 + s 9 + s w + s n < r 1 • m 2 . 



Putting all estimates for error terms back to (4.27), if 8 is sufficiently small, we obtain 

I \L 2 Q v \ 2 <5- 2 I 2 + 6-lM 3 . 

J Cu 

Hence, we obtain the estimates for F 3 (u,u): 

F 3 (u,u) < I + (4.29) 



4.7. Estimates on F 3 (u, u). In view of (3.4), we ommute L and with (1.2) to derive 
ULVLip =L<p ■ Q (VQp, V<p) + LVtip ■ Q {V<p, V<p) 

+ (p ■ Qo(VLtttp, Vip) + (f ■ Q (Vttp, VLip) + ttp> ■ Q (VL(fi, Vip) 

+ ip - - ■ (2Q (VQ(f, Vip) + LQip ■ Lip + Lip- Lflip) 
r 

2 12 

+ flip ■ - ■ (Q (V<p, Vp) + Lip ■ Lip) + —^(LQip - LVLip) - - Asp. 
r Lr ' r 

Applying ( 2.7[ ) to the above equation with <p — LClip, and X = L, we obtain 
/ \fLttp\ 2 + I \L 2 ttip\ 2 = I \fLttp\ 2 + jj Lip-Q (Vttip,Vip) ■ L 2 ttip 

+ jj Lttip ■ Q {V(p, Vip) ■ L 2 ttip + jj ip- Qo(VLttip, Vip) ■ L 2 ttip 

+ jj ip- Q (yttip, VLip) ■ L 2 ttp + jj nip- Q (VLp, Vip) ■ L 2 ttp 

+ jj ip- i • (2Q (Vnip,Vip) + Lttip ■ Lp + Lip ■ Lttip) ■ L 2 Vtp (4.30) 

+ jj Qcp ■ ^ • {Q {V(p, Vp) + Lip ■ Lip) ■ L 2 np 



+ 



+ // \(Ml<p - Ltl<p) -L 2 n<p + jj-4\p-L 2 Qp 
jj ^LLttp> ■ L 2 ttp> + jj ^\fLttp\ 2 . 
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We rewrite the right hand side of the above equation as 

\fm< P \ 2 + s 1 + s 2 + --- + s 11 , 



C U() 

where the error terms S^s are defined in the obvious way. We shall control the error terms 
one by one. 

For Si, we have 

Si< If \L V \ 2 \LQ V \\L 2 Q V \ + fl \L V \\L V \\LQ V \\L 2 Q V \ + fl \L<p\\f<p\\fn<p\\L 2 n<p\ 
JJv JJv JJv 

= Sn + 5*12 + 5*13. 

The estimates on Sn, S 12 and are similar. We only work out the details for Si 2 : 

Si2<\\Ly\\ L ~\\Lip\\ L <x> j \\mip\\ L 2 { c ul )\\L 2 nip\\ L 2 ( c ul )du 

Jo 

< 5i ■ M\ 
This eventually leads to 

S 1 < (ji • M 4 . 

For 5*2, we have 

S 2 < JJ^ \L^\\Lip\\m V \\L 2 ^\ + JJ^ \f V \ 2 \LQ V \\L 2 Q V \. 

It can be estimated in the same way as Sn, therefore, 

S 2 <6*- M 4 . 

For 5*3, we have 

S 3 < II \L V \\L 2 tt V \ 2 + II \L<p\\Lm<p\\L 2 ttcp\ + If ^wfm^WL 2 ^. 
JJv JJv JJv 

It can be estimated in the same way as Sn, therefore, 

S 3 < 6* ■ M 3 . 

For S4, we have 

^4< II \Ltt(p\\L 2 <p\\L 2 ttcp\ + II \m<p\\LL<p\\L 2 ttcp\ + II \fttcp\\fL<p\\L 2 tt(p\ 
JJv JJv JJv 

= S41 + S42 + S43. 

For 541, we have 

Sai< / ||L^||L4 (s ^ y) ||LV||L4(5^ iU oll^ 2 ^IU 2 (^ iU 0^ ,rfM '- 

J J un 
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According to Sobolev inequality, we have 

\\L 2 <p\\ L 4 {Sll >, u >) ~ l«'l*l|2iVlU« 

< w\HfL 2 v \\ LHSu _, ul) + \u'\-Hl 2 v \\ lhs ^ uI) . 

Thus, we have 

^41 < ^ ■ M 3 . 

The estimates for S42 and £43 are similar to 5*41, eventually, we have 

5 4 < 8* • M 3 . 

For S5, Sq and SV, the estimates are similar to those of Si or S2, we only give the 
conclusions 



S 5 + S 6 + S 7 < 53 ■ M 



For S%, Sg, S\o and Sn, once again, as in last subsection, we simply bound each term 
in the quadratic expressions in L 2 . This yields 

S 8 + S 9 + S 10 + S n < 51 • M 2 . 
Putting all estimates together, if 5 is sufficiently small, we obtain 

/ \L 2 nip\ 2 <5 2 I 2 + 5^M 3 . 
Jc„ 



Finally, we have 

Ea(u,u) < 51 + 5* -Mi. (4.31) 



. 1 . ,3 



4.8. End of the Bootstrap Argument. We collect ( |420) , fl4^26[ ), ( |429| > and ( [431] ) as 

follows: 

M < I + 8^ ■ M 2 (4.32) 
Choosing 5 sufficiently small depending on the quantities J, we conclude that 

M<I. 

This completes the proof of Main A priori Estimates in this section. 

4.9. Higher Order Derivative Estimates. For higher order derivative estimates, the 
argument is completely analogous, even simper, because we have already closed the boot- 
strap argument and we can simply use an induction argument to derive estimates for 
each order. Therefore, we shall omit the detail and only sketch the proof. We introduce 
a family of energy norms similarly as before: 

E k (u,u) = ||Ly fc ~VllL2 (CtI ) + <H||yVlU 2 (c u ), 

E k (u,u) = \\f h ^\\mc u ) + <H||Ly fc - 1 V 9|| L2( ez J . 
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We also need another family of norms which involves at least two null derivatives. They 
are defined as follows, 

F k (u,u) = 5\\L 2 f k ~ 2 if\\ L 2 {Cu) , F k {u,u) = \\L 2 f k ~ 2 (p\\ L 2 ( cj. 

We derive the estimates by induction on the number of derivatives k. For k — 1, 2, 3, 
they corresponding quantities are all bounded by a universal constant depending only on 
the initial data: 

3 3 
i=l j=2 

We want to show that for all initial data of ( ]1.2[ ) and all / G IR>o which satisfy 

n+2 n+2 

J2E i (u ,S)+J2F j (u ,8)<I, 

i=l j=2 

there is a constant C(I, n) depending only on / and n, if 5 is sufficiently small (depending 
on n), so that 

[E n +2(u,u) + E n+2 (u,u)} + [F n+2 (u,u) + F n+2 (u,u)} < C(I,n), 

for all u G [u ,u*] and u G [0,m*]. 

At this stage, we can use the induction assumption that 

n+l n+1 

Y^[E i {u,u)+E i {u,u)] + ^KmI+Z.-Km)] < C(I,n). 

i=l i=2 

and make the following bootstrap assumption: 

[E n+2 (u,u) +E n+2 (u,u)} + [F n+2 (u,u) + F n+2 (u,u)} < M, (4.33) 

for all u G [u ,m*] and u G [0, «*], where M is a sufficiently large constant. 

We then proceed exactly as before: we first derive L°° for derivatives of order less or 
equal to n as well as L A estimates for derivatives of order less or equal to n + 1. In fact, 
for 2 < k < n, we have 

5^ \\Lf k ~ viu°° + £~*iiyViu» + \\L.f k ~ viu°° ~ M ? 

and 

^ii^VHl^, u ) +^ | ny fc+ ViiL 4 (s^) +5-s||LyVn^(5 H ,„) < m. 

We then can derive energy estimates use a similar argument as before to derive 

E n+2 (u,u) + E n+2 (u,u) < I + 6^M 2 , 
F n+2 (u,u)<I + 5^M%, 
F n+2 {u,u)<5-I + 5lM^. 
Finally, we can take a sufficiently small 5 to obtain the estimates. 
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5. Existence of Solutions 



In this section, based on the a priori estimates in last section, we first show that (1.2) 
with data prescribed on C UQ where uo < u < 5 in last sections can be solved all the way up 
the t = —1, i.e. the Region 2. Recall that Region 2 is in the future domain of dependence 
of C_q and C Uo (with < u < 5) and the data on C is completely trivial. 

To start, we use the local existence result [IE] of Rendall for semi-linear wave equations 
for characteristic data, we know that there exists a solution around So }UQ , say, defined 
in the region enclosed by C_ Q , C Uo and t = u + e with e « 5. Thanks to the a priori 
estimates, if at the beginning we assume the bound on data for at least 8 derivatives, 
the L°° norms of at least up to 6 derivatives of the solution are bounded by the data on 
t = uo + e. Therefore, we can solve a Cauchy problem with data prescribed on t = uo + e 
to construct a solution in the future domain dependence of t = uo + e whose boundary 
have two null hypersurface C UQ+E and C_ e . Now we have two characteristic problem: for 
the first one, the data is prescribed on C_ and C uo+£ ; for the second one, the data is 
prescribed on C UQ and C e . We can use Rendall's local existence result again to solve them 
around So iUo+£ an d S em . In this way, we can actually push the solution to t = u Q + e + e' 
with another small e' . 

We then can repeat the above process in an obvious way to push the solution all the 
way to t = u + 5. Similarly, we can then push it from t — Uo + S to t — — 1. Therefore, we 
have constructed a solution in the entire Region 2. We remark that this process depends 
crucially on the a priori estimates since the L°° norms of the derivatives of if is guaranteed 
to be bounded. 

We now turn to the study of the solution (p on C_ s and it will be important for the 
construction of solution in Region 3. 

Proposition 5.1. Assume we have bound on Ei(uo) with i — 1, 2, • • • , n + 2 and Fj(uo) 
with j = 2, 3, ■ • • , n + 2 for some fixed n > 8. Then, for k = 1, 2, • • • ,n, we have 

liyViU- + ||xy*-VlU-» + l|£ 2 yVlU~ < s*, 
l|Ly*-VlU« + \\L 2 f k cp\\ Laa < 52. 

Proof. The first inequality is standard. Its proof is basically integration along L directions 
and using the higher order derivative estimates derived in last section. 

The second one is a little bit surprising, since we expect L derivative cause a loss of 
d>~2. The idea is that the loss in 5 only should occur from initial data but not from the 
energy estimates. Recall that the data is given by 



<p(u, Uq,0) 



<^ o (f,0) + (0,0,1) 



where the w-support of is inside (0,1). Therefore, on C UQ near So, UQ , the data is 



completely trivial. In particular, (L l )(7 J ip)(u , S, 9) = 0. We then integrate (1.2) to get 



estimates on C_ 5 . 
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To illustrate the above idea, we now prove 

The rest of the inequalities can be derived exactly in the same way. We will not give the 
proof. 

We rewrite (1.2) as 

LLip Lip — ipLip ■ Lip = Aip Lip — ip\Wip\ 2 . 

2r 2r 

This can be view as an ODE for Lip on C_ s with trivial data on Sg )Uo . Since ^ip and Lip 

are all of size 5*, we can integrate above equation and use Gronwall's inequality to derive 

II^IU« < £*• 

This completes the proof. □ 

Remark 5.2. According to the above proposition, the data on C_ s induced from Region 2 
are small in energy norms. Note also that the above process to gain smallness actually 
loses one derivative through the integration. 

We now choose a Cauchy hypersurface E = {t = u + 5}. Let E x = E n (Region 1 U 
Region 2) and E 2 = E — Si. We can restrict the solution constructed in previous sections 
on Si to get 

According to the estimates derived in the above Propostion, we have the following 
properties for (ip^\ip^): 

(<^i ,<^i = constants; 

|| {d k ipf\ a^VS^II^rao < SK for k = 1, 2, • • • , 8. 
We then can apply Whitney extension theorem (see Theorem 12 in [16] and references 
therein) to extend (v?i°' ) , f^) to the entire S to obtain Cauchy data (ip( \ip^) with the 
following properties: 

(^ (0) ^ (1) )| Sl = (ri 0) ,ri 1) ); 

(^°),^ 1 ))| {:EeE2 | dist(:CiEl) >i } = ((0,0,1), (0,0,0)); 

||(9V (0) ,5 fc "V (1) )IU~({*6E a |dfat(x I E 1 )<i}) for k = 1,2,-.. ,7. 

In particular, the (conformal) energies of )|s 2 U P to seven derivatives are small 

(of order 5). Therefore, according to the small data theory, we obtain a solution ip in 
Region 4. In particular, the energy flux on C^ induced form the solution in Region 4 are 
small. 

We now have the data on C_ s and C^ Q . They are past boundaries of Region 3. We can 
then solve this small data problem on Region 3. Together with the solutions constructed 
in other regions, this completes the proof of the main theorem. 



40 



JINHUA WANG AND PIN YU 



Remark 5.3. In fact, to construct such initial data set, we do not have to take data in 
such a form as (3.1). According to Section^ if the data satisfy (3.13) and (3.14), then 
the a priori estimates hold. Therefore, we can still construct solutions. In this way, we 
can construct an open set of data for which the main theorem of the paper is still valid. 
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